In this paper we present the notion of skew Π-Armendariz for the non-commutative rings known as σ-PBW extensions. This concept generalizes several definitions of Armendariz rings presented in the literature for these extensions, and in particular, for Ore extensions of injective type. We investigate the relations between skew Π-Armendariz, Σ-rigid, (Σ, ∆)-skew Armendariz and Σ-skew Armendariz rings rings.
Introduction
In commutative algebra, a ring B is called Armendariz (the term was introduced by Rege and Chhawchharia in [23] ), if whenever polynomials f (x) = a 0 + a 1 x + · · · + a n x n , g(x) = b 0 + b 1 x + · · · + b m x m ∈ B[x] such that f (x)g(x) = 0, then a i b j = 0, for every i, j. The interest of this notion lies in its natural and its useful role in understanding the relation between the annihilators of the ring B and the annihilators of the polynomial ring B [x] . As a matter of fact, in [2] , Lemma 1, Armendariz showed that a reduced ring (a ring has no nonzero nilpotent elements) always satisfies this condition. In the context of commutative rings and non-commutative rings, more exactly Ore extensions, several treatments have been formulated, see [2] , [23] , [1] , [13] , [10] , [8] , [14] , [19] (a detailed list of these works can be found in [21] , [28] and [31] ).
With the aim of generalizing the results established about Armendariz properties in the mentioned papers above, in this article we are interested in a class of non-commutative rings of polynomial type more general than iterated Ore extensions (of injective type), the σ-PBW extensions (also known as skew Poincaré-Birkhoff-Witt extensions), introduced in [5] (see [24] and [16] for a list of non-commutative rings which are σ-PBW extensions but not iterated Ore extensions). Actually, skew PBW extensions are more general than several families of non-commutative rings such as the following (see [31] for a detailed reference of every one of these families): (i) universal enveloping algebras of finite dimensional Lie algebras; (ii) PBW extensions introduced by Bell and Goodearl; (iii) almost normalizing extensions defined by McConnell and Robson; (iv) solvable polynomial rings introduced by Kandri-Rody and Weispfenning; (v) diffusion algebras studied by Isaev, Pyatov, and Rittenberg; (vi) 3-dimensional skew polynomial algebras introduced by Bell and Smith; (vii) the regular graded algebras studied by Kirkman, Kuzmanovich, and Zhang, and other non-commutative algebras of polynomial type. The importance of skew PBW extensions is that the coefficients do not necessarily commute with the variables, and these coefficients are not necessarily elements of fields (see Definition 2.1 below). In fact, the σ-PBW extensions contain well-known groups of algebras such as some types of G-algebras studied by Levandovskyy and some PBW algebras defined by Bueso et. al., (both G-algebras and PBW algebras take coefficients in fields and assume that coefficientes commute with variables), Auslander-Gorenstein rings, some Calabi-Yau and skew Calabi-Yau algebras, some Artin-Schelter regular algebras, some Koszul algebras, quantum polynomials, some quantum universal enveloping algebras, and others (see [24] , [16] , [35] , [30] , [36] , or [37] for a list of examples). For more details about the relation between σ-PBW extensions and another algebras with PBW bases, see [24] , [16] , [29] and [30] .
Since Ore extensions of injective type are particular examples of σ-PBW extensions (see Example 2.3), and having in mind that several ring, module and homological properties of these more general rings have been studied by the author and others (see [5] , [24] , [15] , [25] , [32] , [31] , [27] , [29] , [30] , [31] , [32] , [36] , [37] , [34] , etc), and of course, several notions of Armendariz rings for these extensions have been formulated (see [21] and [28] ), we consider relevant to formulate a definition of Armendariz ring which extends the proposals developed in these two papers. This is the key objective of our Definition 3.1, because using this new notion, we show that all before treatments are particular cases of the theory developed here, and hence our results generalize their corresponding assertions in previous papers, including the assertions concerning Ore extensions. It is important to say that our Definition 3.1 is motivated by the theory developed by Luang at. al., in [18] for the case of Ore extensions.
The paper is organized as follows: In Section 2 we establish some useful results about σ-PBW extensions for the rest of the paper. Section 3 contains the central results of the paper. More exactly, in this section we introduce the notion of skew Π-Armendariz ring (Definition 3.1) which generalize the notions of Σ-rigid rings ( [25] , Definition 3.2), (Σ, ∆)-skew Armendariz rings ( [21] , Definition 3.4), Σ-skew Armendariz rings ( [28] , Definition 3.1), assuming a condition of compatibility introduced in [32] , Definition 3.2. In this section we also study the relation of skew Π-Armendariz rings and reversible rings (Theorem 3.10).
In this way we generalize some of the results presented by Ouyang in [22] concerning Ore extensions. We conclude with the Remark 3.12 where we express a possible line of research continuing this work.
Throughout the paper, the word ring means a ring (not necessarily commutative) with unity. C will denote the field of complex numbers, and the letter k will denote any field. We recall that a ring B is called reversible, if ab = 0 ⇒ ba = 0, for every a, b ∈ B, and B is called semicommutative, if ab = 0 implies aBb = 0, for every a, b ∈ B (note that reversible implies semicommutative). For a ring B, nil(R) represents the set of nilpotent elements of B, and P (B) denotes the prime radical of B (the intersection of all prime ideals). B is called a NI ring, if nil(B) forms an ideal of B (from [17] , Lemma 3.1, we know that if B is a semicommutative ring then the set nil(B) is an ideal of B).
Skew PBW extensions
In this section we establish some useful results about skew PBW extensions for the rest of the paper.
Definition 2.1 ([5], Definition 1)
. Let R and A be rings. We say that A is a skew PBW extension (also known as σ-PBW extension) of R, which is denoted by A := σ(R) x 1 , . . . , x n , if the following conditions hold:
(ii) there exist elements x 1 , . . . , x n ∈ A such that A is a left free R-module, with basis Mon(A) := {x
For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element c i,r ∈ R \ {0} such that x i r − c i,r x i ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n, there exists c i,j ∈ R \ {0} such that
, for each r ∈ R. From now on, we write Σ := {σ 1 , . . . , σ n }, and ∆ := {δ 1 , . . . , δ n }.
is an iterated Ore extension where
• σ i (r), δ i (r) ∈ R, for every r ∈ R and 1 ≤ i ≤ n;
• σ j (x i ) = cx i + d, for i < j, and c, d ∈ R, where c has a left inverse; [5] , [24] or [16] for different examples).
Definition 2.4 ([5], Definition 6). Let A be a skew PBW extension of R. Then:
(ii) For X = x α ∈ Mon(A), exp(X) := α, deg(X) := |α|, and X 0 := 1. The symbol will denote a total order defined on Mon(A) (a total order on N n ). For an element
Every element f ∈ A can be expressed uniquely as f = a 0 + a 1 X 1 + · · · + a m X m , with a i ∈ R, and X m ≻ · · · ≻ X 1 (eventually, we will use expressions as
. With this notation, we define lm(f ) := X m , the leading monomial of f ; lc(f ) := a m , the leading coefficient of f ; lt(f ) := a m X m , the leading term of f ; exp(f ) := exp(X m ), the order of f ; and
. Finally, if f = 0, then lm(0) := 0, lc(0) := 0, lt(0) := 0. We also consider X ≻ 0 for any X ∈ Mon(A). For a detailed description of monomial orders in skew PBW extensions, see [5] , Section 3. (i) for each x α ∈ Mon(A) and every 0 = r ∈ R, there exist unique elements
(ii) For each x α , x β ∈ Mon(A), there exist unique elements c α,β ∈ R and p α,β ∈ A such that
n and r is an element of R, then
Remark 2.7 ([25], Remark 2.10)). About Proposition 2.5, we have the following observation: Using (i), it follows that for the product
n , then when we compute every summand of a i X i b j Y j we obtain products of the coefficient a i with several evaluations of b j in σ's and δ's depending of the coordinates of α i . This assertion follows from the expression:
Next, we recall the notion of (Σ, ∆)-compatibility for rings. 2. R is said to be ∆-compatible, if for each a, b ∈ R, ab = 0 implies aδ
If R is both Σ-compatible and ∆-compatible, R is called (Σ, ∆)-compatible.
Examples 2.9. Next, we present remarkable examples of σ-PBW extensions over (Σ, ∆)-compatible rings (see [24] , [16] or [33] for a detailed definition and reference of every example).
(a) If A is a skew PBW extension of a ring R where the coefficients commute with the variables, that is, x i r = rx i , for every r ∈ R and each i = 1, . . . , n, or equivalently, σ i = id R and δ i = 0, for every i (these extensions were called constant by the author in [37] ), then it is clear that R is (Σ, ∆)-compatible. Some examples of constant σ-PBW extensions are the following: PBW extensions defined by Bell and Goodearl (which include the classical commutative polynomial rings, universal enveloping algebra of a Lie algebra, and others); some operator algebras (for example, the algebra of linear partial differential operators, the algebra of linear partial shift operators, the algebra of linear partial difference operators, the algebra of linear partial q-dilation operators, and the algebra of linear partial q-differential operators); the class of diffusion algebras; Weyl algebras; additive analogue of the Weyl algebra; multiplicative analogue of the Weyl algebra; some quantum Weyl algebras as A 2 (J a,b ); the quantum algebra U ′ (so(3, k)); the family of 3-dimensional skew polynomial algebras (there are exactly fifteen of these algebras, see [29] ); Dispin algebra U(osp(1, 2)); Woronowicz algebra W v (sl(2, k)); the complex algebra V q (sl 3 (C)); q-Heisenberg algebra H n (q); the Hayashi algebra W q (J), and more. (c) It is important to say that several algebras of quantum physics can be expressed as skew PBW extensions (for instance, Weyl algebras, additive and multiplicative analogue of the Weyl algebra, quantum Weyl algebras, q-Heisenberg algebra, and others), which allows us to characterize several properties with physical meaning. As Curado et. al., say in [4] , "algebraic methods have long been applied to the solution of a large number of quantum physical systems. In the last decades, quantum algebras appeared in the framework of quantum integrable one-dimensional models and have ever since been applied to many physical phenomena [...] It was found that it could be generalized leading to the concept of deformed Heisenberg algebras that have been used in many areas, as nuclear physics, condensed matter, atomic physics, etc". With these ideas in mind, next, we present some remarkable examples of these algebras (the proof that these algebras are skew PBW extensions can be realized using the theory developed in [30] ) which are (Σ, ∆)-compatibles.
(i) The Lie-deformed Heisenberg algebra introduced by Jannussis in [11] is defined by the commutation relations
where q j , p j are the position and momentum operators, and λ jk = λ k δ jk , with λ k real parameters. If λ jk = 0 one recovers the usual Heisenberg algebra.
(ii) The quantum Weyl algebra introduced by Giaquinto and Zhang in [6] with the aim of studying the Jordan Hecke symmetry is as a quantization of the usual second Weyl algebra. By definition, A 2 (J a,b ) is the k-algebra generated by the variables x 1 , x 2 , ∂ 1 , ∂ 2 , with relations (depending on parameters a, b ∈ k)
Over any field k, if a = b = 0, then A 2 (J 0,0 ) ∼ = A 2 , the usual second Weyl algebra. (iii) With the purpose of obtaining bosonic representations of the Drinfield-Jimbo quantum algebras, Hayashi considered in [7] the algebra U. Let us see its construction (we follow [3] , Example 2.7.7). Let U be the algebra generated by the indeterminates ω 1 , . . . , ω n , ψ 1 , . . . , ψ n , ψ * 1 , . . . , ψ * n , with the relations
(iv) Jannussis et. al., [12] studied the non-Hermitian realization of a Lie deformed, a non-canonical Heisenberg algebra, considering the case of operators A j , B k which are non-Hermitian (i.e., ℏ = 1)
and,
where
, where a j , a + j are leader operators of the usual Heisenberg-Weyl algebra, with N j the corresponding number operator (N j = a + j a j , N j | n j = n j |n j ), and the structure functions f j (N j + 1) complex, then it is showed in [12] that A j and B k are given by
With the aim of establishing the key results of the paper, we recall the following preliminary results about (Σ, ∆)-compatible rings.
Proposition 2.10 ([32], Proposition 3.7)
. Let R be an (Σ, ∆)-compatible ring. For every a, b ∈ R, we have the following assertions:
(ii) If σ β (a)b = 0 for some β ∈ N n , then ab = 0.
The next theorem generalizes [22] , Proposition 3.6. We need to assume that the elements c i,j of Definition 2.1 (iv) are central in R. Proof. Let f ∈ A given as above and suppose that f ∈ nil(A) (consider X 1 ≺ X 2 ≺ · · · ≺ X m ). Consider the notation established in Proposition 2.5. There exists a positive integer
As an illustration, note that l=1 σ lαm (a m ). Using the Σ-compatibility of R, we obtain a m ∈ nil(R). Now, since
where h is an element of A which involves products of monomials with the term a m X m on the left and the right, by Proposition 2.6, Remark 2.7 and having in mind that a m ∈ nil(R), which is an ideal of R (remember that reversible implies semicommutative), the expression for (m+1)k+1 = 0, and hence, f ∈ nil(A). Since the expression for f have m + 1 terms, when we realize the product f (m+1)k+1 we have sums of products of the form
Note that there are exactly (m + 1) (m+1)k+1 products of the form (2.6). Now, since when we compute f (m+1)k+1 every product as (2.6) involves at least k elements a i , for some i, then every one of these products is equal to zero by Proposition 2.6, Remark 2.7 and the (Σ, ∆)-compatibility of R (more exactly, Proposition 2.10). In this way, every term of f (m+1)k+1 is equal to zero, and hence f ∈ nil(A). 
Now, since in [21] , Definition 3.4 (see Definition 3.2 below), the author introduced the notion of (Σ, ∆)-skew Armendariz over σ-PBW extensions (this definition generalizes the treatments developed for both classical polynomial rings and Ore extensions of injective type (for example [2] , [23] , [1] , [8] , [19] ), the natural purpose is to establish the version of [18] , Theorem 2.6 for the general case of σ-PBW extensions over (Σ, ∆)-skew Armendariz rings. This result is formulated in Proposition 3.3. Proof. First of all, let us prove that if we have p 1 , . . . , p l elements of A with p 1 · · · p l = 0, then if a k ∈ C p k , for k = 1, . . . , l, we have a 1 · · · a l = 0. We proceed by induction following the notation considered in Proposition 2.5.
, for each i, j (using that the elements c α i ,β j are central in R). By the Σ-compatibility of R, a i b j = 0, for every value of i and j, so the assertion follows.
Second of all, let l > 2. If h := p 2 p 3 · · · p l , then p 1 h = 0, and by the reasoning above, a 1 a h = 0, where a 1 ∈ C p 1 , a h ∈ C h . Having in mind the form of the elements of h, that is, a h = a 2 · · · a l , where a 2 ∈ C f 2 , . . . , a l ∈ C f l (which is due to the fact that R is (Σ, ∆)-skew Armendariz and Σ-compatible), then we obtain a 1 · · · a l = 0.
Finally, if we have two elements f, g ∈ A given by f = t i=0 a i X i and g = s j=0 b j Y j with f g ∈ nil(A), then there exists a positive integer r with (f g) r = 0 whence by the analysis above, a i b j ∈ nil(R), for i = 1, . . . , t, j = 1, . . . , s, and hence R is skew Π-Armendariz.
A more general notion than (Σ, ∆)-skew Armendariz ring it was formulated in [26] , Definition 3.1. More exactly, We can extend the result established in Proposition 3.3 to Σ-skew Armendariz rings (again, we assume that the elements c i,j of Definition 2.1 (iv) are central in R):
Proposition 3.5. Let A be a σ-PBW extension of a ring R with a family of endomorphisms Σ = {σ 1 , . . . , σ n } and a family of Σ-derivations ∆ = {δ 1 , . . . , δ n }. If R is Σ-compatible and Σ-skew Armendariz ring, then R is skew Π-Armendariz.
Proof. Let us prove that if we have p 1 , . . . , p l elements of A with
, for every i, j, and by the Σ-compatibility of R, a i b j = 0, for every value of i and j. The rest of the proof is completely similar to the presented in Proposition 3.3.
Remark 3.6. Recently, in [31] , Definition 4.1, it was introduced the notion of skew Armendariz ring which is more general than both (Σ, ∆)-skew Armendariz and Σ-skew Armendariz. More precisely, if R is a ring and A is a σ-PBW extension of R, we say that R is a skewArmendariz ring, if for polynomials
We believe that the following assertion is true: if A is a σ-PBW extension of a ring R with a family of endomorphisms Σ = {σ 1 , . . . , σ n } and a family of Σ-derivations ∆ = {δ 1 , . . . , δ n }, where R is (Σ, ∆)-compatible and skew Armendariz, then R is skew Π-Armendariz. In a forthcoming paper we will investigate this conjecture.
Next, we present some results concerning NI rings and its relation with skew Π-Armendariz rings. We denote nil(R)A := {f ∈ A | f = a 0 + a 1 X 1 + · · · + a m X m , a i ∈ nil(R)}. We start with the following two useful results which can be considered as the analogous results to [22] , Lemma 3.4 and Lemma 3.5, respectively. Proof. By assumption there exists a positive integer k such that (ab) k = 0. Consider the following equalities:
Following this procedure we guarantee that the element aσ α (δ β (b)) belongs to nil(R). For the element aδ β (σnote that l=1 σ lαm (a m ). Using the Σ-compatibility of R, we obtain a m ∈ nil(R). Now, since
where h is an element of A which involves products of monomials with the term a m X m on the left and the right. From Proposition 2.6, Remark 2.7 and having in mind that a m ∈ nil(R) which is an ideal of R (R is reversible and hence a NI ring), the expression for f k reduces to Finally, let us prove that R is skew Π-Armendariz. Consider two elements f, g ∈ A given by f = m i=0 a i X i and g = t j=0 b j Y j with f g ∈ nil(A). Note that
and lc(f g) = a m σ αm (b t )c αm,βt ∈ nil(R). Since the elements c i,j are in the center of R, then c αm,βt are also in the center of R, whence a m σ αm (b t ) ∈ nil(R), and by Lemma 3.9 it follows that a m b t ∈ nil(R). The idea is to prove that a p b q ∈ nil(R), for p + q ≥ 0. We proceed by induction. Suppose that a p b q ∈ nil(R), for p+q = m+t, m+t−1, m+t−2, . . . , k+1, for some k > 0. By Lemma 3.7, we obtain a p X p b q Y q ∈ nil(R)A for these values of p + q. In this way, it is sufficient to consider the sum of the products a u X u b v Y v , where u+v = k, k −1, k −2, . . . , 0. Fix u and v. Consider the sum of all terms of f g having exponent α u + β v . By Proposition 2.6, Remark 2.7 and the assumption f g ∈ nil(A), we know that the sum of all coefficients of all these terms can be written as As we suppose above, a p b q ∈ nil(R) for p + q = m + t, m + t − 1, . . . , k + 1, so Lemma 3.7 guarantees that the product a p (σ ′ s and δ ′ s evaluated in b q ), for any order of σ ′ s and δ ′ s, is an element of nil(R). Since R is reversible, then (σ ′ s and δ ′ s evaluated in b q )a p ∈ nil(R). In this way, multiplying (3.1) on the right by a k , and using the fact that the elements c's are in the center of R, we obtain
2) whence, a u σ αu (b 0 )a k ∈ nil(R). Since u + v = k and v = 0, then u = k, so a k σ α k (b 0 )a k ∈ nil(R), from which a k σ α k (b 0 ) ∈ nil(R) and hence a k b 0 = 0 by Lemma 3.9. Therefore, we now have to study the expression Using a similar reasoning as above, we can see that a u σ αu (b 1 )a k−1 c αu,β 1 ∈ nil(R). Since the elements c's are central and left invertible, a u σ αu (b 1 )a k−1 ∈ nil(R), and using the fact u = k − 1, we have a k−1 σ α k−1 (b 1 ) ∈ nil(R), from which a k−1 b 1 ∈ nil(R). Continuing in this way we prove that a i b j ∈ nil(R), for i + j = k. Therefore a i b j ∈ nil(R), for 0 ≤ i ≤ m and 0 ≤ j ≤ t.
Corollary 3.11. If A is a σ-PBW extension of R, then every Σ-rigid ring is skew Π-Armendariz.
Proof. From [25] , p. 182, we know that Σ-rigid rings are reduced, so reversible. Now, by [32] , Proposition 3.3, Σ-rigid rings are (Σ, ∆)-compatible rings. The assertion follows from Theorem 3.10.
Remark 3.12. In [34] , Theorem 3.6, under the same conditions in Theorem 3.10, the author proved that R is a (Σ, ∆)-skew McCoy ring (see [34] for the definition of these rings). This fact shows the importance of assuming both conditions ((Σ, ∆)-compatibility and reversibility) on R. Now, having in mind the results obtained in this paper (Propositions 3.3 and 3.5, and Corollary 3.11), it is interesting to investigate the properties of Baer, quasi-Baer, p.p. and p.q.-Baer, considering the notion of skew Π-Armendariz with the aim of extending the theory developed in [25] , [21] , [28] and [33] .
